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Abstract 



By a theorem of Volkov (2001) we know that on most graphs, with positive probabihty, the hnearly 
vertex-reinforced random walk (VRRW) stays within a finite "trapping" subgraph at all large times. 
The question of whether this tail behavior occurs with probability one is open in general. R. Pemantle 
(1988) in his thesis proved, via a dynamical system approach, that for a VRRW on any complete 
p I , graph the asymptotic frequency of visits is uniform over vertices. These techniques do not easily 

. extend even to the setting of complete-like graphs, that is, complete graphs ornamented with finitely 

, many leaves at each vertex. In this work we combine martingale and large deviation techniques to 

prove that almost surely the VRRW on any such graph spends positive (and equal) proportions of 
time on each of its non-leaf vertices. This behavior was previously shown to occur only up to event 
of positive probability, cf. Volkov (2001). We believe that our approach can be used as a building 



obtain explicit bounds on the speed of convergence of the empirical occupation measure. 
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^S) block in studying related questions on more general graphs. The same set of techniques is used to 

(N ■ 
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■ 1 Introduction 

. P., 

Consider a complete-like graph with d > 2 interior vertices (or sites) and rj > exterior ver- 
tices or leaves attached to the ith. interior site, i € {1, . . . ,d}. More precisely, denote by = 
{1,2, . . . ,d,£\, . . . . . . ,£f, . . . ,£'1:^} the set of sites of Qd, and by E^, the set of its edges. Typi- 
cally we denote the edge connecting two different sites v and w by {v,'w}. Any two sites that share an 
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edge are called neighbors. If v and w are neighbors we also write v ^ w. Then consist of d[d— l)/2 
edges connecting each pair of interior sites, as well as of the edges {z,^*}, for each i G {1, . . . and 
r = 1, . . . ,rj. We will refer to il as the rth leaf attached to the interior vertex i. It is possible that 
rj = for some i, in which case there is no leaf attached to i. If rj = 0, for alH = 1, . . . , d, then is 
the complete graph on d vertices. Any graph from the above class can be viewed as a "perturbation" 
of the complete graph. 

We start by recalling the (discrete-time) linearly vertex reinforced random walk (VRRW), see e.g. [5]. 
This process can be constructed on general bounded degree graphs, but since the current work concerns 
VRRW on complete-like graphs given above, the definition below can be read with this special setting 
in mind. 

The time t will run through positive integers. We denote by X{t) the position (site) of the walk at 
time t. Assume that z{0,v) are given positive integer quantities, for example, it could be z{0,v) = 1, 
V G Vd- Without loss of generality, we can assume that the initial time is to = '^veVd ^) 
equal z{0,v) plus the number of visits to vertex G up to time t, t > tQ. Note that in this way we 
have X^^jgytj ■^{^■•'^) = t fov t > Iq. Denote by (J-j,t > to) the filtration generated by {X(t),t > to) (or 
equivalently by {Z(t,v),t > to), v G Vd) up to time t. Then on the event {X{t) = v} the transitions of 
our process are given by 

F(X(t + 1) = w\Tt) = ^^^'""l,. y (1.1) 

for all w £ Vd, w ~ v. In particular, when at i^, the walk must return to i in the next step. 
Let 

7r(t) = j{Z{t, 1), Z{t, 2), . . . , Z{t, d), Z{t, i\),..., Z{t, ilj,..., Z{t, if),..., Z{t, if J) 

be the occupation measure generated by the VRRW above at time t, determined by the vector of its 
atoms. Let tToo = limf_j.oo T^it) be the asymptotic occupation measure on the event where this limit exists, 
and set tToo = (0, 0, . . . , 0) on the complement. Note that 7r(t) G M'^'^I, for all t, where \ Vd\ := d-\-Yli=i "^ii 
and we use this fact without further mention. Set 



W := Q,^,...,^,0,...,0 

where the initial d coordinates are positive, and the other X^^^^ ri are equal to 0. 
The first goal of this paper is to prove 

Theorem 1 For VRRW on Qd, d > 3, we have P(7roo = TTunif) = 1- 

The next statement is related to the slow speed of convergence noticed by Pemantle & Skyrms in 
[9]. Denote by || • || = || • ||oo the maximum norm on IRI^'^L 
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Theorem 2 Let he the complete-like graph on d>2> vertices. Then for any 5 > 

P (limsup||7r(t) -vTLinifllt^"'' < oo ) = 1 if d = 3, 4. (1.2) 
P ( limsup ||7r(t) - TTunifll < oo ) = 1 if d>5. (1.3) 

Moreover, for each d > 3, if \Vd\ > d + 1 (there exists at least one leaf) and any 5 > 

P fliminf ||7r(t) - vTunif || t'^^^ = oo) = 1. (1.4) 

In particular, the empirical occupation measure converges to vTunif at least as fast as an inverse of a 
certain power function, and not faster than an inverse of another power function (provided \Vd\ > 0). 
Note that (|1.4|) gives an upper bound on the power exponent which is strictly smaller than 1. To the 
best of our knowledge, this is the first rigorous result verifying "slow convergence" for this class of 
models. However, the problem of finding a lower bound on the speed in the case of the complete graph 
is still open, and we believe that the true rate of convergence is closer to the one in ()1.2p - (|1.3p . We 
wish to point out that computer simulations seem to be misleading in predicting/confirming any of the 
above results, due to the slow speed of convergence. With this in mind, it is worth mentioning that our 
computer simulations seem to suggest that for d = 3 

logM(|K(0- Wll) 1 
logt 2 

where M{X) stands for the median of a random variable X. The special case d = 2 will be discussed in 
Section [331 

There exist a few mathematical results on the asymptotic behavior of VRRW preceding this work. As 
mentioned in the abstract, Pemantle [7] proved that on any complete graph the asymptotic frequencies 
of visits by the VRRW are the same for all vertices. The papers [10] and |12j study the VRRW on the 
integers Z. Pemantle and Volkov prove that this VRRW cannot get trapped on a subgraph spanned 
by 4 sites, and moreover that it gets trapped on a random subgraph spanned by 5 subsequent sites with 
a positive probability. Tarres [12] proved that this striking behavior occurs almost surely, using subtle 
martingale and coupling techniques. 

A study by Volkov [13] exhibits a family of "trapping subgraphs" for the VRRW on a general 
graph, where the range of the VRRW is contained in any such subgraph. Recent results of Benai'm 
and Tarres [2] show similar localization phenomenon for certain natural generalizations of VRRW. The 
asymptotic results in both [2] and [13] are shown to hold only on an event of positive probability. Volkov 
[14j initiated the analysis of non-linearly reinforced VRRW. His analysis mostly concentrated on the 
power-law reinforcement functions and the VRRW on Z. Many interesting open questions remain. 

The rest of the paper is organized as follows. Sections I1.1H1.3I recall a few techniques used in 
related settings, and establish some preliminary results. In Section [2] we introduce a modified VRRW 
on a triangle with one special (more reinforced) vertex, and study the asymptotics of weights on the 
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non-special vertices. Section [3] contains the proof of Theorem [T] in the general (and novel) case of 
complete-like graphs Gd: and Section H] discusses some generalizations for d— partite graphs with leaves. 
Finally, in Section [5] we show Theorem [2l 

We will use the symbol A (resp. V) to denote the operation of taking the minimum (resp. maximum) 
of two or more numbers. For / and g, two sequences of positive functions defined on the positive 
reals, we write f{t) = 0{g{t)) if limsup^ /(t)/c/(i) is finite, g{t) x f{t) or f{t) = e(g(t)) if both 
f(t) = 0{g{t)) and g{t) = 0{f{t)), and f{t) = o{g{t)) if lim^ f{t)/g{t) = 0. The above notations extend 
in a straightforward way to the stochastic setting. 

1.1 Multi-color Polya urns and VRRW on complete graphs 

We devote this short subsection to a calculation that will hopefully both stimulate the reader's interest 
in the problem, and point out some of the difficulties awaiting. In addition, we will use a modification 
of the supermartingale below in arguments of Section [3l Fix d > 2, and let 11 be the d-color Polya 
urn started with one ball of each color. In particular, at each step, one ball is drawn from the urn at 
random, and it is placed back immediately together with another ball of the same color. As usual, let 
the initial time be d, and for each time t > d denote by Ili{t) the number of balls of color i, i = 1, . . . ,d 
in the urn at time t. In this way Yli=i^ii^) ~ ^ always. A slick way (see [13], Section 2.1) to prove 
convergence of the frequencies Ili{t)/t, i = 1, . . . ,d, to non-trivial (non-zero, a.s.) random variables is 
via the following martingale method. Using classical martingales Ili{t)/t for showing this convergence 
is not optimal for showing that the limit is non-zero, almost surely. Define 

Mi{t) :=log(t)-log(ni(t)-l), 

and then check that the drift of this process equals 

E {M,{t + 1) - M,(t)| J-,) = log + log (^1 + J , 

and is therefore almost surely negative. Thus Mi{t) is a non-negative supermartingale and it converges 
almost surely to a finite quantity, hence Hi{t)/t converges almost surely to a positive quantity. 

Next consider the VRRW on complete graph with d vertices. The only difference of transitions of 
(Z(t, 1), . . . ,Z{t,d)) from those of (ni(t), . . . ,11^(0) is that Ui{t + 1) becomes l + n(t) with probability 
proportional to Ili{t) no matter which ball was drawn at time t—1, while Z(t + 1, i) becomes 1 + Z{t, i) 
with probability proportional to Z{t, i) only if the current position of the VRRW is not z, in turn this 
proportion is taken with respect to the values at all but the currently visited site. If one tries simply 
to recycle the above supermartingale by subtracting a drift increment of order 1/t at each time t when 
Z{t,i) = Z(t — + 1, then on the event that Z(t,i) is asymptotically of order larger than t/log(t) 
(this happens, since Z{t,i) ~ t/d, a.s.) the sum of the drift increments diverges and it not possible 
to conclude convergence of Mi{t). One could think that there should be a simple way to overcome the 
above difficulty, but we are not aware of one. 
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1.2 Large deviation tools 

Part of our analysis (cf . Section I3.3p will use the strategy of Volkov [13] , see also Benaim and Tarres [2] . 

We recall the following classical facts. Let be IID random variables with P{.^i = 1} = 1 — P{^i = 
0}=pe (0, 1). Define for a,pe (0, 1), 

F(a,p) := alog- + (1 -a)log^^ > 0. (1.5) 
p I — p 

Recall an elementary fact from large deviation theory (see e.g. Shiryaev (1989)): for any a"*" € [p, 1) 
and any a~ G (0,p], we have 



It is easy to verify (see also Propositions 2.2 and 2.3 in [13]) that 

Hia,p) = ^-7^ + 9 ( if a = p±5, where (5« 1 



(1.6) 



and (1-7) 
H{a,p) = p{r\ogr — r + 1) + G (p^) if a = rp, r = 9(1), and aV p <^ 1. 

1.3 Urn and martingale tools 



We start by recalling the results on urns from Pemantle and Volkov [TO] . We will often use them directly 
in coupling arguments, however we will also need to generalize Theorem [3] below (see Lemma [T|) during 
the course of our analysis. 

The urn model defined below generalizes both the (original) Polya and the Friedman urn, and it is 
sometimes referred to as the generalized Polya urn. Consider the dynamics: 

{Xn+i,Yn+i) = {Xn + a,Yn + b), with probability — — (1.8) 



{Xn+i,Yn+i) = {Xn + c,Yn + d), with probability 



Yn 



Xn + Yn 

We do not necessarily assume that the random numbers Xn,Yn (of balls) are integer valued. When 
lab 



c d 



is a multiple of the identity matrix (resp. a = d and b = c are all nonzero), we recover 



a b \ ^ ^ 

Polya's (resp. Friedman's) urn. In all cases where has a left eigenvector (^1,^2) with positive 

\c d J 

components, in particular when be > 0, Freedman's analysis [1] can be carried through to show that 
Xn/{Xn + Yn) Converges to vi/{vi + V2). When a > d,b > and c = the urn is still Friedman like: 
although (0, 1) is an eigenvector, it is easy to see that the principal eigenvector is (a — d, b) and that 
Xn/{Xn + Yn) — t- (a — d)/[{a — d) + b]. The case ad = be = is trivial, so we are left with the cases 

f a b\ 

ad > = b = c and ad > = be < b + c. Multiplication of by a constant does not affect 

led/ 
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the asymptotic behavior, so by symmetry, the interesting behavior is captured in the following two 
theorems. 

Theorem 3 f llO^ - Theorem 2.2) Suppose a > d = 1 and b = c = 0. Then logX„,/ logl^ — t- a. 

Theorem 4 fW^. Theorem 2.3) Suppose a = d = 1, b = and c > 0. Then Xn/{cYn) - logYn 
converges to a random limit in (—00,00). 

Remark 1 (1) Theorem O says that Yn is asymptotically equal to n}!"' multiplied by a random factor 
An, where for any e > An G (n~^, n^) for all large n, so that is equal to a ■ n minus a lower order 
correction term. 

(2) The result in Theorem^ may be more surprising, in that it shows Yn to be of the order n/logn 
multiplied by a specific constant, with a random lower order correction. That is, Xn is asymptotically 
cy„(^ + logl^), where A is a random constant. This class of urns was used in JTUj to prove that VRRW 
on Z cannot get trapped on a subgraph spanned by 4 subsequent points. Note that in the special case 
c = 1, the urn process corresponds to a VRRW on the graph Q with V{Q) = {n, u}, having one edge 
between u and v and one loop connecting u to itself, observed at the times of successive visits to vertex 
u. Thus VRRW on this Q spends roughly n/logn units of time at v up to time n. 

(3) Both of the above theorems can be derived using an elegant method of Athreya and Ney by em- 
bedding the urn into a continuous time multi-type branching process. However, the proof by embedding, 
see also Janson for recent progress, is much less robust to "variations" in dynamics than the mar- 
tingale proofs of J 10^ . One such variation is the setting where some (or all) of the parameters a,b,c,d 
are perturbed about fixed values (their means), and where the distribution of these random perturbations 
varies over time. Section is devoted to proving some extensions in this direction that turn out to be 
essential for our analysis. 

In the current work, we will repeatedly bound the lim sup (by a finite random quantity) of a process 
that has supermartingale increments whenever its value is sufficiently large via a separate martingale 
technique, see Chapter 4 of Tarres [11] for a similar idea in a somewhat simpler setting. 

In our general setting, we are given (^„, n > 0), a discrete-time process (not necessarily bounded 
below nor above), adapted to a filtration (Tn, n > 0). In addition, suppose there exists a, 6 S M, 6 > 
such that 

1. ^ has supermartingale increments on [a, 00), i.e., 





2. The overshoot of ^ across a is asymptotically bounded by 6, i.e. 




k 



almost surely. 



(1.10) 
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3. the tail variance of on [a, oo) is finite, i.e., 

^ E [{ACkfl{^,>a}] < oo where A^fc := Cfc+i - Cfc- (I-H) 
k 

Lemma 1 Under the above assumptions 

^* := limsup S^n < oo, a.s. 

n— >oo 

Proof. Due to shift and scaling, without loss of generality (WLOG) we may assume that a = — 1 and 
6=1. Next fix a small 6 > 0, and define 



K' = {sup i{g,<_i<5,^a(6+i - (-1)) <i + s}. 

k>n 

Property (ll.lOp can be restated as lim.„^oo 1P'(^1"'') = 1- We shall now introduce an auxiliary process 

adapted to the filtration generated by {^k,k > n), and such that the three properties (|1.9p - ()l.lip hold 
for with a = 6 and 6 = 0. Moreover, the inequality in (|1.9p for ^' becomes equality 

IE((efc+i-?fc)%^>5}l-^fc) = 0, k>n, (1.12) 

and also 



in) ^ 

k>n 

things) . 



C fl {6 < Cfc}, almost surely. (1.13) 



Define = C';!"'^ := ^n, and for A; > n let 



i'k 



k+l ■- 



{i'k + A6) A 6, if ik<-l and < 5, (1.14) 

if 6<-land^[, >5. 



If Cfc ^ ^ then either > — 1 in which case the increment of ^' is the Doob-Meyer martingale "correction" 
of the increment of ^, or < — 1 and then ^' does not change value. So indeed, ()1.9p holds for ^' as ()1.12p . 
The property (jl.lOp is immediate since a positive overshoot of ^' across 6 may occur only as a result of 
a jump of ^ when its current value is greater than —1, but these jumps are asymptotically negligible 
by (jl.lip . Similarly, (jl.lip for ^' is easy to derive from the definition (|1.14p . the property (jl.lip for 
^, and the standard fact E ((A^^ — E (A^^ | Fk))"^ \ J^k) < E ((A^^)^ | J^^), almost surely. Finally, using 
()1.9p and the definition of B^^\ one can check inductively that ()1.13p holds. More precisely, ^„ < is 
the base of induction, and for k > n either — 1 < ^fc < (the last inequality is by induction hypothesis) 
in which case A,^^ > A^fc due to (|1.9p yielding ,^^+1 < i, or < —1 and > 5 in which case on 
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B^^^ we have ik+i < < Cfc = ^'k+i^ finally < — 1 and ^fc < < 5 in which case again on B^^^ we 
have ik+i = 6 + ACfc < 5 A (C^. + A^fc) = Cfe+i- Therefore, 

P(r = oo) < P f fsf^V) +P(limsup Cl"'^^ = oo). 



We conclude that it suffices to show 

P(limsup Cl"'^^ = oo) = 0, (1.15) 

k 

for a fixed 5 > and each n > 1. 

Again by shift and scaling of space, and additional shift of time, we can henceforth assume that 
a = 6 = 0, and that (|1.12p holds. It is clear that if the process ^ switches sign only finitely many 
times then it either spends all but finitely many units of time being non-negative, in which case by 
the martingale convergence theorem it converges, or it spends all but finitely many units of time being 
non-positive. On both events ^* is finite. It remains to prove the claim on the event where ^ switches 
sign infinitely often. In fact we will prove here a stronger claim, that 

n {C = 0} =A^r\ {C < 0} = A^, almost surely. (1.16) 

The first identity above is clear from the definitions of A^ and . Fix e > 0. For n > 1, define the 
process 

k-l 

:=5^(Ci+i-e.)lte>0}, k> 



with the convention Srf^ = 0, and note that by assumption (|1.12|) on ^, S".^"^ is a martingale started 
from at time n. 

Due to Doob's maximal inequality we have 



k>n 

and in particular, due to (|1.11|) . we can find ni > 1 such that this probability is smaller than e, hence 



sup - > 2e) < 2e. (1.17) 



Consider ^ on the event 



'k 

k,j>ni 



A^n{ sup -S-f'^l < 2e}, 

k,j>ni 



and note that now the maximal value of ^ on any excursion into [0, oo) that begins after time ni cannot 
exceed sup„>„^ l|^^<o<5„+i} Cn+i + 2e < o„^(l) + 2e, where o„^(l) — 0, as ni — > oo. Since e can be 
taken arbitrarily small, we obtain ()1.16p . ■ 

The above result ()1.16p can be improved in the following sense. Assume that ^ satisfies ()1.9p - ()l.lip . 
Denote by A^ the event {£, — a switches sign infinitely often}. 
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Lemma 2 On , we have 

(,* < a + b, a.s. 

Proof. We may assume again that a = —1 and 6=1, and that .^o < ~1- Let Tq = 0, and for m > 1 
let Tm be the mth downward crossing time of —1 by ^. Note that on the event A^^, Tm is finite almost 
surely and that also — t- oo as m — t- oo. It is clear how to generalize the construction of ^''^'^'^'^ 
from the proof of Lemma [T] by replacing a fixed time n by a stopping time Tm, m > 0. Of course, the 
construction extends only on the event {T^ < oo}, on the complement one can define the process as 
identity 6 (for example). We will henceforth abbreviate ^"'("^''^^ = ^''(^'"'<')^ 

Using (jl.l7|) and p. lip one can easily check, as in the proof of previous lemma, that 

hm sup ei""''^ < 

Indeed, the overshoots of ^"'^"^'^^ across 6 are becoming negligible as m increases, and (jl.lip controls 
its fluctuations. In particular, 

r i^±^ < (hm sup rf''V^^<5. 

Since J > is arbitrary, it follows that P(A^^ n {^* > 0}) = 0, as claimed. ■ 



Remark 2 We will sometimes consider a process ^ adapted to the filtration J-, where the conditions 
il.y\) - n.ll\) apply up to additional constraint. More precisely 

E((Cfc+i - Ck)l{(,^:>a}\J'k)lE,, < 0, limsup l{5fc<a<5fe+i}(6+i " a)!^^ < b, 

k 

and 

Y,^[{^Ck)%^,>a}nE,]<00 
k 

where is an Tk-measurahle event. In such a situation we will (non-rig orously) state that ^ satisfies 
il.9\) - n.ll\} on r\k>nEk (for some large n) and conclude the result of Lemma{l\ on the same event. 
The corresponding rigorous formulation of this argument is to work instead with the stopped process 
C(T) := {CkAT, k > n}, where a stopping time 

T:=mi{k>n: 1^, =0}, 

is defined precisely so that {T = oo} = r\k>nEk- Then £,{T) satisfies the original lil.9\) - [l.ll\) . and the 
asymptotics of S,{T) and (as k ^ oo) match on the event {T = oo}. 
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2 Modified VRRW on a triangle 

In this section we consider a modified VRRW (MVRRW) on a triangle. Define Tq^^ = 0. The transition 
probabihties of MVRRW are as for the VRRW on the triangle, with one difference: when the special 
vertex 3 is visited for the kth time, at the stopping time 

rf ^ = Tk := min{t > Tfe„i : X{t) =3}, k> 1, (2.18) 

its weight Z(rfc,3) becomes H{k) rather than Z^Tf^ — 1,3) + 1 (and for t € (Tfc,rfc+i) we set Z{t,3) = 
H{k)). Here we assume that the sequence H{k) is measurable with respect to Jv^., the <t— algebra 
generated by the process up to time r^, that H{1) > 1, and that for k = 0,1,2,... the following 
property holds: 

H{k + l)>H{k) + l. (2.19) 

Thus, the special vertex 3 gets reinforced by a larger amount than non-special vertices 1 and 2. 

We study the above MVRRW with intention of applying it several times in Section [3l A typical 
application is in the following context: suppose that the underlying graph is complete graph on d 
vertices where d > 4. If one "clumps together" all but two of the vertices (say i and j), then the VRRW 
generates (with the appropriate time change) a MVRRW on a triangle, where i and j correspond to 1 
and 2, and the clump corresponds to the special vertex 3. 

To simplify notation we will denote 

U{t) := Z{t, 1), V{t) := Z{t, 2), and W{t) = Z{t, 3). 

The goal of this section is to show that U{t) x V{t). Before stating the main result rigorously, we do 
some preliminary comparisons and calculations. 

Firstly, observe that using elementary arguments (in particular, Polya urn-like transitions of the 
process, when viewed from the special vertex 3) one can show that for MVRRW both U{t) — )■ oo and 
V{t) —7- OO, almost surely. Similarly, it is easy to see that it is impossible that after some finite time 
the particle oscillates between non-special vertices 1 and 2. Hence W{t) — t- oo, and Tk < oo, for all k, 
almost surely. Secondly, let us show that W{t) cannot be too small with respect to U{t) + V{t) (which 
seems obvious but still requires a proof). Let rjn, n > he the times of the successive visits to vertices 
1 or 2, that is 

rjn+i = inf {t > T]n : X{t) G{1,2}} 

Let Yn = W{r]n) and Xn = U{r]n) + V{r]n). Then it is simple to construct a coupling of {Xn,Yn) with 
the urn (X!^, 1^), featured in Theorem [J] with a = c = d = 1, 6 = 0, such that 

Xn = and Yn > K for all n. (2.20) 
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This yields 

liminf ; > 1. 

n^oo Xn/\ogXn 

To simplify notation let 

= x/ log X. 

Then the above can be rewritten as 

liminf >i. 

n^oo (j){lJ{rin) + V{rin)) 

Noting that in between the consecutive times rjn the process W increases, while U + V stays the same, 
we get 

liminf ,,,,^^*\,, > 1 (2.21) 
i-^oo cl){U{t) + V{t)) - ^ ' 

Similarly, considering the process (?7(t), at times when the MVRRW visits vertex 1 

and comparing the increments at vertices 1 and 2 (the former always increases by 1 while the latter 
increases by at least 1 with probability at least y(t)/(C/(t) + T^(t)) we obtain that 

liminf-^^>l, (2.22) 
and in a symmetric way the symmetric result 

liminf -^^^ > 1. (2.23) 
To simplify notations further, recall (|2.18|) . (|2.19|) and denote 

U(Tk) = u, V{Tk) = V, W{Tk) = a = H{k), 
n{k) = n = u + V. 

We omit the index "A;" from the notation in the forthcoming argument, whenever not in risk of confusion. 
Relations ()2.2ip - ()2.23p imply (in a straightforward way) that for sufficiently large k we have 

u>(f){v)/2, v>(j){u)/2 =^ min{ti,t;} > (/)(n)/4, and a > 0(n)/2. (2.24) 

At time + 1 the walk has to visit either site 1 or site 2, and moreover P(X(rfc + !) = !) = u/{u + v), 
¥{X{Tk + l) = 2)=v/{u + v). 
For m > 1, consider the events 

A^{k) = {X(rfe + l) = l,X(rfc + 2) = 2,X(rfc + 3) = l,X(r,. + 4) = 2,..., 

X{Tk + (2m - 1)) = 1, but X{Tk + 2m) = 3} (2.25) 

B^{k) = {X(rfe + l) = l,X(Tfc + 2) = 2,..., 

X{Tk + 2m - 1) = 1, X{Tk + 2m) = 2, but X{Tk + 2m + 1) = 3} (2.26) 
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Symmetrically define events Amik), Bm{k) where the walker starts the excm'sion away from vertex 3 
at vertex 2, and on Am{k) (resp. Bm{k)) it visits 2 (resp. 1) immediately before returning to 3. Note 
that Am, Bm, m > 1 are disjoint. On Am U Bm., during this excursion, the vertex 1 is visited exactly m 
times, while vertex 2 is visited m — 1 times on Am and m times on Bm- Symmetric statements apply 
to Am and Bm- It is easy to see that 

FiUmiAm U Bm) \ F^,) = P(X(Tfc + 1) = l,rfc+i < oo I JVJ = nX{Tk + 1) = 1 1 a.s, 

since Tk+i < oo, almost surely. Next observe that for m > 1 (where an empty product is equal to 1) 

m-2 



j=0 

and 



^ ' u + v ^J- \v + j + a u + j + l + aj 



+ j + a u + j + l + aja + v + m — 1 a + u + m 

j=0 

Now define 

oo 

Cm{k)^Cm=\J (AUBi) 
i=m 

to be the event that vertex 1 is visited at least m times during the excursion (recall that there is 
dependence of u,v,a, and hence of Am, Bm, and Cm on A;). Then 

^ u + v j-J-^\v + j + a u + j + l + aj' 

If we denote 

A« = , = — and i/ = (1 - A„)(l - A„) 

a + u a + V 

then, provided ni^ /u <^ 1 and m? /v ^ 1, 

h _|_ Wi _|_ 1\ (-\ _|_ ■m-2 \ 



u + V 



a+u J \ a+u J ' ' ' \ a+u 

■u'^-^{l + 0{m^/u) + 0{m^/v)). (2.28) 



Set m = m{k) = log^ n{k) + 1, then by ()2.24p we have m? /u, rr? jv < 41og^(n)/n = o(l). Similarly, by 
([XM]) . we have 

" - ia/u + l){a/v + l) - (a/n + ir " (l+^T^^)^' ^^'^^^ 
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and so a straightforward calculus manipulation yields 



Consequently, 



P(C^(fc)(A:)|-F.J =nqiog„)3+il-^rJ < v^'-Hl + oil)) < (2.30) 



Therefore, by the Borel-Cantelli lemma, 

only finitely many of Cjn{k){f^) occur, a.s. (2-31) 

If m < m{k) = log^ n + 1 then we can simplify the conditional probabilities of and as follows: 

mml^Fr,) = ^A,i/'"-^[l + 0(log^n/n)] (2.32) 

F{B^\Tr,) = -^Xu{l-Xv)i^"'-^[l + 0{log'n/n)], (2.33) 

U + V 

P(1„|^,J = ^^A„i/™-^[l + 0(log7n/n)] (2.34) 
u + V 

P(S„|^,J = -^A,(l-AJi^™-i[l + 0(log^n/n)]. (2.35) 



Now let 



u + V 

m 



m ■■- 



u{t) + v{ty 



Lemma 3 We have 



P(liminf^(t) > 0) = 1, 



t—KX) 



and by symmetry P(limsup^_^oQ ^(t) <!) = !. 

Proof. It suffices to restrict attention to times Tk since by ()2.3ip the values of ^ during the interval 
(Tfc,rfc+i) differ (asymptotically) from ^(r^) by at most order log^(C/(Tfc) + y(rfc))/(C/(Tfc) + V{Tk)). 
Recall that we abbreviate V{Tk) = v, U{t}^) = u, n = u + v. In particular, n > k + 0(1) for each k > 1, 
almost surely, since between any two visits to site 3, either site 1 or site 2 is visited at least once. 
Define (recall the example in Section ll.ip 

E{t) = log{U{t) + V{t)) - log(y(t) - 1). 

We will estimate the drift of H (in the case where v < n/3, hence v < u/2) by comparing our MVRRW 
setting to that of the 2-color Polya urn. In the latter case, with probability u/{u + v) the new value is 

Polya^ = log(n + 1) — log(t; — 1) 

and with probability v/{u + v) the new value is 

Polya^ = log(?i + 1) — log(f ). 
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Thus, the drift increment of S under the law of the Polya urn is negative, since 

V , n + 1 , n , ^ 

■ log + — log log < 0, (2.36) 



U + V V — 1 U + V V V — 1 

see also Section [TTTl 

Our goal is to bound the drift of H under the modified VRRW law by its counterpart under the 
Polya urn process. Intuitively, this makes sense, since the shuttles pull the ratio U/{U + V) closer to 
1/2, which corresponds to even more negative drift of S. Note that 

n + 2m 



I J^r, ) log +nBm\ Tr, ) log 



V + m — 1 



^/ T , s , n + 2m — 1 n + 2m 

P04„ Tr, log ■ + F{Bm Tr, log — 

V + m — 1 V + m — 1 

n + 2 



[nBi\Fr,) + nBi\Tr,))\og 



V 

n + 2m — 1 



+ E ( I ) log +mm\ Tr, ) log 

m=l 



+ J](P(i?^|J-.J + P(S^|^.J)log _^ 

m=2 
= l + ll + lll. 



u + m — 1 

n + 2m 



Then 



and 



< f; (log ^P(^™, I -F.J + log "^n^m I -Frj) , (2.37) 

< (log ^^IP(5m I -FrJ + log ^^P(S^ I )] , (2.38) 
m=2 V ^ / 



since for m > 2 and f < n/3 

n + 2m n + 1 

< 0. 

+ m — 1 f 

Finally, since for u > v, 

u V a V u 

nv+aa+u+1 nu+aa+v+1 

we have 



ixty Uj U Lb Lt, — I 



n + 2 

I = (P(Si|^,J + P(5i|^,J)log^— (2.39) 

T2_l_2 _ n + 2 

= (P(Si I - P(^i I ^,J) log + F{Bi I JVJ2 log 

r)_|_0 _ r)-l-1 

< (P(i3l I Tr,) - mi I Tr,)) log ^ + P(^i I J-.J hog ^ + log ^ 

< (P(5i I ^.J - P(5i I ^.J) log ^ + P(5i I J-.J (log !^ + log 

-I- 1 _ 71 -|- 1 

= P(5i|^,Jlog-^ + P(Si|^,Jlog^^, (2.40) 
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For the first mequahty (the third line in the display) above we use the fact that 



n + 2 



< 



{n + lf 
v{v — 1) ■ 



whenever v < 



n 



Therefore, 



I + 11 + 111 < iog!5±l^(P(A^|jvj+p(s„jjvj) 



n + l 



m=l 

oo 



+ log— —J2inAn.\J'r,)+nBn.\J'r,)), 



■m=l 



and by noting 



and 



m=l 



J2 in^^m I -F.J + F{R^ I Tr,)) = V/{U + V), 



m=l 

we arrive to the following bound: provided v < n/3 (that is, v < u/2), the drift increment of the H 
process under the modified VRRW law is smaller than the expression on the LHS of ()2.36p . In particular, 
H has supermartingale increments whenever its value is larger than log 4. It is simple to check that H 
satisfies properties ()1.9p ~ (|l.lip with a = log 4 (note that this a is different from a = a{k) above) and 
6 = (any 6 > would suffice). Indeed, we have just verified (|1.9p . while (jl.lUp is true since the steps 
H(rfc4-i) — H(rfc) are asymptotically of order at most log^(n)/?i, due to the lower bound ()2.24p on v and 
estimate (j2.3ip . Similarly, (jl.lip holds since 



log 



u + V + 2m 
V — 1 + m 



log 



U + V 
V - 1 



O ( — A - 

V V 



O 



m log n 



A logn 



n 



where the upper bound u/v = O(logn) will be useful for atypically large m. Due to ()2.29p . the above 
estimate implies the following bound 

log^ n 



E ((H(Tfc+i) - H(Tfc))^l{H(.^)>iog4} I -7>J < 



+ log^nxP(Ci„g3„+i|^.J 



(2.41) 



where c G (0, oo) and c' G (0, 1) do not depend on k. Recall that n > k, for all k, so the sequence ()2.4ip 
of upper bounds is summable in k. Now Lemma [T] yields that limsup^ H(t) is finite almost surely, and 
this is equivalent to saying that liminft^(t) is strictly positive, almost surely. ■ 



3 Analysis on complete-like graphs 

We will denote by ^ = a complete- like graph of interest. Our main goal in this section is to prove 
the following result leading to Theorem [TJ 
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Proposition 1 The VRRW on Q satisfies: 

,. . r Z{t,i) 

limmf > 0, a.s., 

for any two different interior sites i,j. 

(ii) If £i, . . . ,ir are the leaves attached to an interior site g, then 

<^ limmf mm > 6 } C < limsup — — = ^ , a.s., 

where the sums above (except for Yl^j=iZit,ij)) are taken over the interior sites only. 

In the following subsections we prove the above proposition, treating several different cases separately. 
Property (ii) above will be used in the proof of Theorem [TJ It gives a priori bounds on the total empir- 
ical frequency of the leaves, that simplify the large deviations estimates relative to the corresponding 
argument in [T3], see Section for details. 

3.1 Graphs with leaves at a single vertex 

We start by considering the simplest non-complete graph from the class of graphs described in Introduc- 
tion. Here there are three "interior" sites 1, 2 and 3, forming a triangle, and there is an additional leaf 
= ^ ~ 3. As in the study of MVRRW we wiU denote U{t) = Z{t, 1), V{t) = Z{t, 2), W{t) = Z{t, 3), 
and moreover 

L{t) = z{t,e). 

Clearly, the process {U,V,W), observed only at times {ak)k>Oi where ao = to (assume without loss of 
generality that Xt„ G {1,2,3}) and 

cjfc := min{j > cr^.i : Xj / X^^_^,Xj G {1,2,3}}, k > 1, 

has the law of {Z{t,l), Z{t,2), Z{t,3)) generated by the motion of a particle according to a MVVRW 
with a special vertex 3. Therefore, Lemma [3] insures that U{t) x y{t), or equivalently, that both 

limsup \ and limsup J \ (3.42) 

t-^oo V[t) t-*oo lJ{t) 

are finite random variables, almost surely. As in (j2.18p . denote by rjf^ the time of the kth. successive 
visit to site g, where g € {1, 2, 3}. Easy comparison of {L{t^ )-,U (t^, ) + ^(''"^ )) with the Polya urn 
ensures preliminary estimate 

L(r^^^) 

limsup — 7^ < oo, a.s. (3.43) 

^ C^(Tf) + nrf) 

As we will soon see, L{t^^) <€i [/(r^^^) + V{t^^'^) as a lower (random) power. First note that for any t 

W{t) < U{t + 1) + V{t + 1) + L{t + 1) + W{to), 
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so that ([3:12]) and (lOHIl imply 



limsup jj^^^ < ^1 almost surely, (3.44) 



mill <v liminf ^ , liminf ^ J* > 0, almost surely. (3.45) 



and in turn that 

min < lir_ 

t t t t 

Given ()3.44p . it is now plausible that W has the same asymptotic order as U, since its increase is 
"helped" by the existence of the leaf i. Soft arguments based on comparison with a generalized urn 
yield 

limsup^^^J^^ <oo, (3.46) 

but not more, and comparison with the VRRW on the pure triangle does not seem to be useful either 
in proving the complement to (|3.44p . However, the drift increment comparison argument of Lemma E] is 
robust enough. To see this, denote by W the process that starts as W^to) = W{tQ), and that increases 
by amount 1 at time t + 1 if X(t) £ {1, 2} and X{t + 1) = 3, (i.e. whenever the site 3 is visited from 
another interior site), and that otherwise remains unchanged. Then 

W{t) = W{t) + Z{t, I) - Z{to, i) = W{t) + L{t) - L(io), (3.47) 

in particular, W{t) < W{t) for all t. Consider the process 

E{k) := log(^(rf ) + l^(Tf )) - logiWiri'^) -l),k> 1, (3.48) 

(2) ' — ' 
adapted to the a— field Jv^., k > I where = . Let u = U{Tk), v = W{Tk), v = W{Tk), a = V{Tk), 

n = u + V, and note that the drift of H at time k (provided v < u/2) is still less or equal to expression 

()2.36p . in particular it is negative, as we reason next. It is necessary to interchange the sites 2 and 3 

in the definitions (|2.25p - ()2.26p and the rest of this argument. While the conditional probabilities of 

Am., -Am, m > 1 and Bm, Bm, m >2 are different in the current setting where i exists, the estimates in 

()2.37p and ()2.38p only concern the number of shuttles m between the two sites. Therefore, 

n + 2 

E{E{k + l)\Tr,) < (P(Si|-F,J+P(Si| J-,J)log^— (3.49) 

+ (log I^T'P^^- I + ^^(^rn I -^rj 

■m=l ^ 
00 



/ + 1 +1 

+ V ( log ^— -P(S„ I JVJ + log ^^F{Bm I Tr, ) 



m=2 

Next observe that P(i?i | Jv^. ) does not change under the new law, since possible shuttles between site 3 
and its leaf £ before the step from 3 to another interior site, do not influence the conditional law of this 
step. Finally, observe that F{Bi \ Jv^,) is smaller than {v/n){u/{u + a))(a/(a + f + 1)) under the new 
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law, since possible shuttles between site 3 and its leaf I that happen before the step from 3 to 1, make 
the probability of the move from 1 to 2 smaller than aj{a + + 1). Thus the estimate (|2.39p - (|2.4Up can 
be carried out verbatim. Due to ()3.49p . and the fact v < z;, we obtain 



E(H(/c + l)|^,J < 



< 



log 
log 



u 



n + 1 

V — \ M + V 

n + 1 u 



log 
log 



n + 1 

V 

n + 1 

V 



V 



U + V 
V 

u + v' 



V — 1 U + V 

as claimed. In order to apply Lemma [TJ it remains to estimate the quantities in (|l.lUp and (jl.lip . 
Before doing so, we show that L is a smaller power oi U + V , and therefore of W . So fix /5 > 1 and 
consider again the times t]^\ A; > 1 of successive visits to site 3. Note that r^^^ is different from 

(2) ^ 

above, and from = r,. linked to the definition of H. Abbreviate 



(3)^ 



.(3)^ 



Then, if 5 G (0,1), on 



we have 



E 




Uk + Vk + Lk 
{l-6){Uk + Vk) 



Uk + Vk + l Uk + Vk + Lk 

{Lkf 8{Uk + Vk) 
Uk + Vk + 2' Uk + Vk + Lk 



(3.50) 



(3) (3) (3) 

Indeed, either the walk visits the leaf I at time + 1 and steps back to site 3 at time + 2 = Tf,_l_^, 
or it visits {1,2} at time r^^^ + 1, and given this, it revisits the same set at time t]^^ + 2 with probability 
larger than 5. 

Using ()3.42p and ()3.44p one easily sees that 



(limliminf P,?) = 1. 



(3.51) 



From now on we take b small and think about the behavior of the process {LkY / {Uk + Vfc) on r\k>noPki 
where tiq is a large finite integer. 

Remark 3 The part (a) of the next lemma will not he used in the sequel of the current argument, 
however its argument will he needed in the next section. 



Lemma 4: (a) Estimate {3.4^ and liminft(C/(t) A V{t))/(f){t) > are already sufficient for 

Lit) 



lim 



t U{t) + V{t) 



0, a.s. 



(3.52) 
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(b) On nk>noPk> f^''^ '^"'^ /3 < 1 + (5 we have that 



• U(t) + V(t) 



0, a.s. 



(3.53) 



Proof, (a) We need a slightly more precise estimate than (|3.5U|) . In fact, keeping track of which interior 
vertex (1 or 2) the walk visits first, one obtains that 



E 



L 



fc+i 



k+l 



T 



.(3) 
k 



< 



+ 



+ 



+ 



+ 



{Lk + 1)^ 


Lk 


Uk + Vk U 


k + yk + Lk 


{Lkf 


UkWk 


Uk + Vk + l 


{Uk + Vk + Lk){Vk + Wk) 


{Lkf 


UkVk 


Uk + Vk + 2 


{Uk + Vk + Lk){Vk + Wk) 


{Lkf 


VkWk 


Uk + Vk + l 


{Uk + Vk + Lk){Uk + Wk) 


{Lkf 


VkUk 


Uk + Vk + 2 


{Uk + Vk + Lk){Uk + Wk) 



The RHS in (pIMD equals 



L 



with /9 = 1, and with Rk 



1 



{Uk + Vk) 
= l/{Uk + Vk + Lk)x 
UkWk 

{Uk + Vk + l){Wk + Vk) 
UkVk 



(1 + Rk) 



(3.54) 



(3.55) 



+ 



VkWk 



XUk + Vk + 2){Wk + Vk) 
The last expression equals to 

UkVk 



+ 



{Uk + Vk + l){Wk + Uk) 

UkVk 

{Uk + Vk + 2){Wk + Uk) 



+ 



UkVk 



+ 



1 



M + Vk + 2){Wk + Vk) {Uk + Vk + 2){Wk + Uk)J ' "\Uk + Vk^ 
Now due to hypotheses of part (a) we conclude that Uk + Vk x A; and Uk /\Vk > ck/ log k for some 
positive random c. Hence the leading term above has absolute value larger than a term of order 1/ log k. 
In particular, the process Lk/{Uk + Vk) is a positive super-martingale, so it converges almost surely to a 
finite limit. However, the limit must be 0, since on the event lim^ Lk/{Uk + Vk) > the drift increment 
above is of the order at least l/{k log k) so the drift would not be summable otherwise. In this way one 
can also see that the asymptotic order of Lk may not be of the form k/ak, if flfc converge to infinity 
sufficiently slowly so that l/(A;log A; x a^) = oo. The last observation will not be used in the sequel, 
(b) Note that on nfc>„oP^, for any /3 < 1 + 5 we have the same expression (|3.55p for the RHS in (j3.54p . 
except that now Rk is smaller than 



+ 



1 

Uk + Vk 
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This can be seen already from (j3.50p . since [L^ + lY / = 1 + (3 / Lk + 0{L\). Consequently, Rk is again 



negative for all sufficiently large /c, and therefore L^/{Uk + 14) converges to a finite random quantity. 



In particular, for any /?' < /3 the limit in ()3.53p is on the event r\k>noPki ^^"^ (|3.5ip . after 

letting (5 — )• 0, one obtains (|3.53p . hence part (ii) of Proposition [1] for the triangle ornamented with a 
single leaf. ■ 

In order to prove (|1.10p - (|l.lip for the process H from (j3.48p . we will derive analogues to (|2.30p and 
(|2.3ip . The reader can check that in the special case where the leaves are attached to 3 only (that 
is, no leaves are attached at 1 or 2), one does not need p.53p to obtain sufficiently good estimates. 
Nevertheless, we will soon consider the general case, hence doing the calculations while accounting for 
()3.53p will prove useful. 

Due to Lemmagl^b) and dSaSJ-dSaZD, we have {r^k>noPi} ^ {^(*) W{t)}, and therefore 

{nfc>no-Pfc} I lim sup ^L^^-y^ < oo^ , almost surely. (3.56) 
Suppose that /3 > 1 and that {p^)m>i,k>i is a table of numbers in (0, 1) such that 



where, for each finite integer s, 



c(m, k) 

^-Pk^^TW^ m,A;>l, 



lim sup max c(m, /c) < oo. (3.57) 



Let (Gfc, /c > 0) be a random process (adapted to a filtration {T-Lk, k > 0)) taking values in the non- 
negative integers, and assume that it satisfies conditional "geometric- like" relations 

P(Gfe >m + l\Gk > m,nk-i) = I - pT'^\ m > 0. (3.58) 

Then F{Gk > s|-Hfc_i) = Um<si'^ - Pk) < (maxm<s c(m, A:))7A;'^(^~i/'^), and therefore, under the 
assumption ()3.57p . we have 

lim n^k>j{Gk < 2/(1 - 1//3)}) = 1. (3.59) 

Consider the behavior of VRRW on r\k>noPk ^^'-^ some /3 G (1,1 + 5). Following each time rj^^ = a^' 
when VRRW visits site 3 from another interior site, the particle will make a non-negative (possibly 0) 

number A^^ of shuttles to i before visiting the next (different) interior site at time (ik'+i- Note that 

(s) 

in fact stands for W{ak'+i) — W{ak') = W(ak'+i) — k. Let j be a large integer. Since M^(t^ ) = = k 
we have on nk>noPt t^at Uk + Vk> 25k/{l - 5), and due to (13331) that Lk < k^^'^, for ah k>j (with 
an overwhelming probability as j — t- oo). As a consequence, one can construct a process G satisfying 
p.57p and ()3.58p (where c(m, k) can be taken as 25/(1 — 5) for all k > j and m < s, so the lim sup in 
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(j3.57p is bounded by 25/(1 — S)) such that Nf^ < (note that G is defined for ah k, but the coupHng 



of N}^ and G^ is necessary only for k such that = 0"^/). Due to (|3.59|) . we conclude that 



{Nk < 2/(1 - 1/13)} for ah sufficiently large k, (3.60) 

with an overwhelming probability on nfc>„,jP^. 

Therefore, one can redo the calculation (|2.27p . this time writing instead of the third term an analo- 
gous 

(1+0) (i + ^)...(i + £Hi^) 

\ v/\ v/\ v/ ("^ (^^\ 



1 + ^ 1 + :^:: ... 1 + 



a+v J \ a+v J ' ' ' \ a+v 

where Sj+i — Si > 1 and Sj+i — Si < 2/(1 — 1//3) for all i, and for all large k. The estimate ()2.28p 
holds as before, with different constants comprised in 0{m'^/u) + 0{m?' /v). Together with ()3.45p . this 
immediately implies (|2.3Up and (|2.3ip . and thus (|1.10p and (jl.lip for H, as at the end of the proof of 
Lemma [3l Note that in this step we also make use of the preliminary estimate ()3.56p . 

The above reasoning applied on the event nfc>„gP^ only (see also Remark [2]), but due to ()3.5ip we 
conclude 

Lemma 5 

limsup H(t) < oo, a.s. 
t 

As a consequence, \\m\niW {t) / (U {t) + W{t)) > 0, almost surely, and since W{t) > W{t), 

liminf W^(t)/(f/(t) + W{t)) > 0, a.s., 

completing the proof of Proposition [1] (i) in the special case of the graph with three interior vertices 
and one leaf. 

As the reader will quickly check, the proof above carries over to any Q with the same interior sites 
{1,2,3} and finitely many leaves {ii, . . . ,ir}, all attached to the interior site 3. Note that, for the 
purposes of the calculation in Lemmas H] and [5] all the leaves can be combined into one "super- leaf " , so 
that, in particular. Proposition [1] holds via the same argument. 

Moreover, suppose that Q has interior sites {1, 2, . . . , d}, d > 4, and finitely many leaves {ii, . . . , ir}, 
all attached to the interior site d. Let the initial position X(to) take value in {1, . . . , d}, almost surely. 
Fix two different sites i,j£{l,...,d — l}, and define three classes 

Ci := {i}, G2 := {j}, and := {1, . . . ,4 \ {i,j} (3.62) 

of interior vertices. Consider S{t) = Ylfi=i ^ ^{x(t)£Ch}^ * sequence of stopping times ao := to, 

(Jk := min{s > (Jfc„i : 5(s) / S{ak-i), S{s) / 0}, k> 1, 
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Note that the process 



X' = {X'{k), k>0) = {S{ak), k>0) (3.63) 

is identical in law to the position process X of a MVRRW, with a special vertex 3. Indeed, {S{t) = 
h} = {X{t) G C/i}, for h = 1,2,3, and {(7k)k>o are the successive times when X jumps from one class 
of interior vertices to another. Therefore, setting 

Z'{k,h) := Z{ak,v), /i = 1,2,3, 

v&Ch 

it is simple to check that the transitions of X' are driven by p.l|) . with X' (resp. Z') replacing X 
(resp. Z). Moreover, Z'(/c + 1, 1) - 1) (resp. Z'(A;+ 1, 2) - Z'(/c, 2)) equals 1 if X'(/c) = 1 (resp. =2), 
while Z'{k + 1,3) — Z'{k^ 3) = H[k) > 1 if X'{k) = 3. A careful reader will note that the measurability 
requirement on H, see the beginning of Section [21 necessitates considering X' with respect to stopped 
filtration {J-a^)k>o generated by X. As before, these observations ensure that Z'{k,l) x Z'{k,2) as 
k —7- oo. Since Z{t,i) = Z'{k,l) and Z{t,j) = Z'{k,2), where t G [a^, crk+i)i we conclude that Z{t,i) 
and Z{t,j) are asymptotically comparable, for all i,j G {1, . . . ,d — 1}, almost surely. It is again easy 
to verify that 

Zit,d) ^ 0(Eti^(*'O) 
limsup — ^— i < oo and limsup — < oo, 

* T.tlz{t,i) t z{t,d) 

almost surely. Since the walk necessarily returns to d after each visit to a leaf, we have L{t) < Z{td) + 
L{to), and therefore by the first esimate above we conclude 

d-l d~l 

t = Z(t, d) + ^ Z{t, i) + L{t) = 0(^ Z(t, i)), almost surely. 

i=l i=l 

This implies readily that Yli=i ^i^^''') therefore that Z[t,l) x t (or equivalently, Z[t,i) x t, 

\/i = 1, . . . ,d — 1), almost surely. Again combine all the leaves into a single super-leaf i ^ d. The 
calculation of Lemma Hl^b) , for the process observed at successive times r^*^^ of visit to site d, yields 
as before Proposition [U (ii). Finally, let U{t) = Z{t,l), V{t) = Eg=2^(*>ff) and W{t) = Z{t,d), and 
consider the process at the successive times 

a'k:=mm{j>a'^^^:Xjy^X^,^_^,Xj€{2,...,d-l}}, k > 1, (3.64) 

of visit to the subset {2,..., d-l}. Set W{to) = W(to) and let 

W{t) := W{t) - {Z{t,£) - Z{to,£)), t > to. 

Then the process E defined as in ()3.48p (with in place of ) again satisfies (|1.9p - (jl.lip with 
a = log 4 and 6 = 0, so Lemma [5] follows, implying Proposition [1] (i) as before. 
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3.2 General complete-like graphs with d > 3 

Assume that we are given a general complete-like graph Q = Q,]^ from Introduction. Here the argument 
is somewhat more delicate, due to the fact that we cannot anymore use the MVRRW to easily obtain 
Z{t,i) X t for most (all but one) sites, which was essential in applying Lemma [H 

We start again by making some soft observations. If £ ~ 5, then Z{t,i) < Z{t + \,g) + Z{tQ,i) 
implies that t = X^^g^^g^ Z{t,v) < Yli=i{''"i + + 1)0 + and in particular that 



d 

lim inf ^ Z{t, i) /t > 0, (3.65) 

1=1 

almost surely. Moreover, Polya's urn comparisons as in Section [2] imply that 

sup Z{t, v) = 00, V £ V{Q), 
t 

and, for each i, 

lim sup — — ^ almost surely. (3.66) 

Here we recall that j = 1, . . . , are the leaves attached at the interior site i. Soon we will see that 
the limit in ()3.66p is 0. Since 

Ti d 

Zit,i)<^Zit + l,i))+ Z{t + l,g)+Z{to,i), (3.67) 

after adding Yl'!j=i g^i -^(^' d) both sides, ()3.65p - ()3.66p yield 

d 

lim inf Z{t,g)/t > 0, for each interior site i, almost surely. (3.68) 

Without loss of generality assume that X{tQ) £ {1, . . . ,d}. Moreover, as already noted, each visit to a 
leaf of i is immediately followed by a visit to i. Therefore, if Z{0,i) > X^^Li Z{0,tj) then 

ri 

Zit,i)>Yz{t,l]), t>to, (3.69) 

and provided ()3.69p holds at some time t, it will continue to hold at all later times. We claim that, for 
each i = 1, . . . ,d, ()3.69p holds starting from some finite time. Indeed, due to (j3.68p the walk will almost 
surely (eventually) make at least (X^jLi -^(0, £j) — Z{0,i))~^ + 1 steps from i to another interior vertex, 
and this ensures ()3.69p upon the next return to i. Starting from the finite (stopping) time at which ()3.69p 
holds for alH G {1, (f}, one can compare (as in Section [2]) the process {J2'!j=i gjti ^i^k, 9)1 Z(ak,i)), 
where ak is the time of fcth return to the subset of sites {!,... with the generalized urn (X[.,y^') 
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of Theorem d] (again here a = c = d = 1, b = 0) , so that Z{ak,i) > and Yl'^=i g^i ^{^k, 9) < ^k- In 
particular, for each i = 1, . . . ,d, 

Z (t z) Z (t 

hminf ^ > 0, hence hminf — , ,\ > 0, almost surely. (3.70) 

Due to (the argument) of LemmaHl^a), the estimates p.66p (in fact, its consequence ()3.68p ) and ()3.70p 
are sufficient to conclude that almost surely, for each i = 1, . . . ,d, 

lim ^ = lim ^ ^ = 0. 3.71 

Indeed, the reader can quickly check that '^^j=iZ{t,tj) (resp. Yl'!j=i g^i ^(.^^ d))^ observed at the times 
of return to i, corresponds to L(t) (resp. U{t) + V{t)), observed at the times of return to 3. The possible 
presence of leaves at sites g ^ i, corroborates the inequality (j3.50p . 

However, we wish to strengthen ()3.7ip to an analogue of LemmaHl^b). In order to be able to recycle 
its argument, it suffices to show that for any i 7^ g, i,g G {!,... ,d} we have 

. ,Yl'l=l,l^{i,g} ^i'tJ) 

hmmf Liliyi > 0, 

t t 

or equivalently, that the third most frequently visited interior site has positive asymptotic frequency. 
Let (^(1) (t), . . . , .Z'(^)(t)) be the vector of order statistics for Z{t, g), g = 1, . . . ,d, and set 

d-2 

S{t) = Z(rf)(t), P{t) = Z(rf_i)(t), and R{t) = ^Z(,)(t). 

i=i 

Clearly S{t) x t, and due to p.68p also P{t) x t. Moreover, due to ()3.7ip it must be 

liminf ^ > , / (3.72) 

Indeed, ([3TT]1 implies that limsup^ S{t)/t < 1/2. Now the identity S{t)+P{t)+R{t)+Y^i^-^ Yl'jU Z{t, i)) 
= t and (fHTT]) together imply liminft(P(t) + i?(t))/t > 1/2, and hence ([3772|) . It suffices to show that 
R is asymptotically comparable to 5 + P. Let a{t) = min{i : Z^^{t) = Z{t,i)} and b{t) = min{i 7^ 
a{t) : Z(^„i)(i) = Z{t,i)}. Consider the process fj{t) := {S{t) + P{t))/R{t) at successive times of visit 
to the set {a{t), b{t)}. Without risk of confusion, let us denote by (%, k > 0) the process fj viewed only 
on this restricted collection of times. 

Lemma 6 limsupy^.r)fc < 00, almost surely. 

Proof. Let r be the time of the A;th visit to the set of vertices {a{-), b{-)}. For concreteness suppose that 
the current position X(t) = 6(r), the calculation below is similar if X{t) = a(T). Let s,p,r denote the 
values of S{t),P{t),R{t), respectively, and let / denote the corresponding "total leaf weight" at &(t). 
Without loss of generality we may assume that r > 4(d — 1) > 4. Assume in addition that s + p > 2r, 
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or equivalently, that % = {s +p)/r > 2. Then, on {Z(^_i)(r) > Z(^_2)(t)}, will either take value 
{s + p + l)/r with probability [s + /) /(s + / + r), or a value smaller than (s + p + l)/(r + 1) (here we 
use the fact that s + p > 2r and r > 4) with probability r/(s + / + r). A careful reader will note that 
this includes transitions that change values of a or h. On the opposite event {Z((^_x)(r) = Z((^_2)(r)} it 
could be that the particle jumps from b{t) to another site with the same frequency thus increasing s + p 
by 1 without changing r. However, if 

r < ^ ^ (P + s) ^ r< ^^TT^.T, (3.73) 
1-3^^ 3{d-l) 

then due to (j3.72p we have .Z'(^_2)(t) < r <^ p, whenever r is sufficiently large. In particular, 

(r) = Z(£i„2) (''")} happens at most finitely often, almost surely. Hence, provided f]k > 3{d—l) > 2, 

the drift increment of fj is bounded by 

1 s + I 1 s + p — r 

r s + r + 1 r + \s + r + V 

and since r > 4((i — 1), it will be negative for all sufficiently large r due to ()3.7ip . ()3.72p . and ()3.73p . 
It is particularly easy to check the other two hypotheses of Lemma [TJ Indeed, the absolute value of 
the increment r?fc+i — fjk is of the order 1/r = 1/ '^^g g^a(T) b{T) 9)-> clearly diminishing at the 
time instances when fjk traverses the threshold 2>{d — 1). Furthermore, due to (|3.70p . the sum of square 
increments is finite, a.s. The conclusion is now due to Lemma [TJ ■ 

It is easy to see that Lemma [6] implies liminft R{t)/t > 0, and that this is equivalent to having 

limmf mm — - — ^li-Lii! > Q, almost surely. (3.74) 

t i,j=l t 

In analogy to the setting of the previous subsection, for each g = 1, . . . ,d, define 



:= { min "^"^'^^^'"^^ \: > 6 

where, as usual, r^'^ is the fcth return time to i. The argument of Lemma Hl^b) gives 

n,>., Pf- C (limsup = o| , (3.75) 

for any /3 < 1 + 6, and this in turn yields Proposition [1] (ii). Due to ()3.74p . we have moreover 

P(lim liminf n,liP.^'*) = 1. (3.76) 
5— >-0 k 

Finally, consider two different interior sites i and j, the classes (|3.62p . and the process X' from 
(IMjl . In analogy to ffHIIH]) and (ITO]) . for g G {i,j}, define 

Z{t,g) := Z{t,g) - Y,{Z{tA]) - Z{t^,l])), t>t^. 
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Then Z{t,g) < Z{t,g), t > to, g £ and moreover, 

{liminf nf=iP.^'*} C {Z{t,j) x Z{t,j), Z{t,i) x Z{t,i)}, almost surely. (3.77) 

k 

Let (Tfc be the time of kth. visit to class C3 from i or from j (in particular, not accounting for the 
steps from C3 to itself, and the steps from the leaves into C3. Now consider 

E{k) ■.= log{Z{ak,i) + Z{akJ)) - log{Z{ak,j) - l),k > 1. (3.78) 

Fix 5 £ (0, 1) and /3 < 1+6. The asymptotics ()3.75p ensures (see the discussion comprising (|3.57p - ()3.59p ) 
the existence of a finite ni such that with an overwhelming probability there are at most 2/(1 — 1//3) 
repeated shuttles from i (resp. j) to its leaves following any step into i (resp. j) from another interior 
site that occurs during the time interval {ak,crk+i), for all k > ni. 

We will show that a Doob-Meyer modification of the process H still satisfies the properties ()1.9p - 
(jl.lip so that again 



This is equivalent to 



limsup E{k) < 00, a.s. on liminf nf=iPf''. (3.79) 

k ^ 



liminf ''^'^ > a.s. on liminf nf_iP^'' 
* Z{t,i) k ^ 



Due to ()3.76p and ()3.77p we can conclude Proposition [T] (i) . 

Denote u{k) = u = Z{ak,i), u{k) = u = Z{ak,i), v{k) = v = Z{ak,j), v{k) = v = Z{ak,j), 
n{k) = n = u + V, and a{k) = a = J^geCs ^i'^k^g)- In fact, ()1.10p - (|l.lip hold for E as in the case of 
the graph with leaves at a single vertex only, using (|3.75p instead of Proposition [1] (ii) . For ()1.9p , note 
first that (cf. also the next lemma) 



P(i?i I Trri ) < • • > almost surely, 

^ ' ~ u + v a + u a + v + 1 



since possible shuttles to leaves £•[,..., ii- can only decrease the probability of return to class C3 when 
stepping out of i into an interior site. 



Lemma 7 We have 



u + V a + V a + u + l^u + v a + v a + n + 1 

where e{k) is Fat^-measurable non-negative random variable, such that on ^k>noPk'^ , 

( (a + z;)V/3\ 

e(k) = O , almost surely. 

\ a + u 



, almost surely, (3.80) 
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Proof. Recall that on Bi the particle steps from a site in the class C3 to i, next does a certain number 
N{k;u) (possibly 0) of shuttles to the leaves £\, . . . ,£l. before a step to j, and finally, does a number 
(possibly 0) of shuttles to the leaves before stepping back to C3. It is now simple to check 

that 

N{k;u) 



e{k) 



u + V 



u 



E 



l{XK+i)=i}IE 



a + u + N{k]u) + 1 



T 



so it suffices to show (recall that v < u/2) 

N{k;u) 



E 



a + u + N{k;u) 



< C- — — — ^ , almost surely, 

a + u 



for some finite constant C. Let q = q{k) := X^jLi Z{ak,£^j) = X^jLi Z{ak + Ij^j) be the total weight of 
the leaves attached to i at time cr^ (that is, (jfc + l). Our calculation is based on the same reasoning as the 
discussion comprising ()3.57p - ()3.59p . however the expectation bound is simpler, since the random variable 
N{k; u)/{a + u + N{k; u)) of interest is bounded by 1. We have F{N{k; u) > 2q \ , l{x(ak+i)=i}) — 
F{N{k;u) > q + l\T^^,^Xia,+l)=^}) 
N{k;u) 



—2—, and therefore 



E 



a + u + N{k;u) 



j;,,X((7fe + l) 



< 



2q 



+ 



q 



a + u + 2q a + u + 



< 



3q_ 

a + u 



The very last term is bounded by C(f + a)^/^/(a + u), provided q < C{v + aY^^, which happens 



eventually on nfc>„„Pf'*, almost surely. 



Note that almost surely on {v < u/2} 



1 



1 



a + u \{a + uy-y^J V(cTfc)i-i/V ' ^^'^^^ 

where we used ()3.68p for the last estimate. Due to the fact P(i3i|J>^.) + e{k) > P(Bi|J>j.) the 
calculation (j2.39p - (|2.40p can be modified to yield 



n + 2 

(P(Si| J-,,) + P(Si| J-,J)log^— < 



1 I-Tvjlo, 



n + 1 
V - 1 



+ 



loj 



n+1 



1 I -Tak 



/, N / 1 n + 1 ^ V 
+ e{k) log — ^ + log 



n + 2 



V - 1 



Denote 



r{k) := e(/c) ( log "|" ^ + log 



We therefore obtain 

EiE{k + l)-Eik)\Tr,] 



< lOE 



n + 2 
n + 1 



V- 1 



{v<u/2}- 



V — 1 U + V 



u n + 1 

+ log 



V 



< 



1 



U + V 

1 



U + V V 



U + V V 



+ 



V U + V 

1 



log 



n 



v-1 



+ r{k) 



V ■ n 



vu — uv ^ I 1 
- + 



u + v {u + v)v 



V ■ n 



+ r{k) 



r[k) 



< 



1 



u + v 
--: r{k), 



u{v — v) + v{u — u) 
(u + v)v 



+ 



V ■ n 



+ r{k) 



(3.82) 



(3.83) 
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where for the second inequahty we develop (recall n = u-\- v) 

log (-^—^j - log ( ^^"V- ) and log (^) - log 

via Taylor expansion up to quadratic order terms. Lemma [71 jointly with (|3.70|) . (|3.75|) . and (|3.81|) . 
implies that, on nfc>„Q Cif^-^ P^'*, Dqo := ^(0 is a finite random variable, almost surely. Now 

observe that on {Dqo ^ = f^k>i{J2t=i ^(0 ^ -^1) process 

«<fc-i 

satisfies (jl.9p - (jl.lip with a = log 4 + K and 6 = 0. Indeed, as in previous section, one can argue that 
()3.60p holds for both shuttles to the leaves attached at i and at j on rik>no l^f=i -Pfc'*- Hence one can redo 
the calculation ()2.27p . where this time the third term is replaced by ()3.6ip . and the second one by an 
analogous expression. Due to Lemma[Tl limsupj < oo, thus limsup^ E{t) < limsup^ '^'{t) + K < oo 
on {Doo < K}, almost surely. By taking K arbitrarily large we obtain (|3.79p . 

3.3 Proof of Theorem [U 

For a fixed e > define events 

A{t) = Mt) = I min > e and max ^7=1^^*^^)^ < ^-el 

I i=l,...,d t i=l,...,d t I 

Let 



Ce = IbT: f]Ae{t) occurs. 



t=T 



Proposition 2 We have Q {t^oo = TTunif}; almost surely. 

Proof. The argument is effectively a copy of that for Theorem 1 in Volkov [13] . The only difference is 
that now the event guarantees that the events E{k) defined on page 73 of [13] occur for all large 
enough k > K, see [13] (3.1). Observe that e^, in the definition of E2{k) might need to be chosen quite 
large, yet this does not cause difficulties in applying the argument. Indeed, e* does not need to satisfy 
[15] (3.23)-(3.24), since we can skip Step 5 of [13] - in the current setting it is already covered by our 
estimates in previous sections, hence included in the event C^. Consequently, (see [13] pp 73-74 for the 
definition of ^{k) and /cq) we have that, whenever kQ > K, 

P(7roo = W I Ce) > F{TT,o = TTu.\f\Cs,E{ko))F{E{ko)\Ce) 

oo 

= p(^oo= wic„^(fco)) > n 

fc=fco + l 



28 



which, since "^/^^{k) < oo, can be made arbitrarily close to 1 by choosing sufficiently large ko. 



Proof of Theorem [TJ Let 

^ij := liminf ■ ^ ' 



t^oo Z{t,j) 

and Cn = Cij > n}' Proposition [T] (i) implies that P ^UJ^i C'n) = 1) '^^ equivalently, 

lim F{Cn) = 1. (3.84) 

n— >oo 

On the other hand, by part Proposition [T] (ii) and some easy algebra, we have C„ C Cj_. The claim 

nd 

now follows from Proposition [2] and ()3.84p . ■ 
3.4 Case d = 2 

In this section, we briefly discuss a somewhat singular case, where the number of leaves attached to 
the two "interior" vertices 1 and 2 influences the qualitative asymptotic behavior of the corresponding 
VRRW. 

If ri = r2 = 0, we have trivially (deterministically) tToo — ?• vTunif , in accordance with Theorem [TJ 
However, if ri > and r2 = then site 2 becomes qualitatively equal to any leaf of 1, and easy (multi- 
color Polya urn) arguments show that Z{t, l)/t — t- 1/2, while Z{t,2)/t — t- a/2, where q is a continuous 
random variable taking values in [0,1]. In particular, here tToo 7^ VTunif. Finally, the most interesting 
case is when ri • r2 > 0. By combining as usual all the leaves attached to the same interior vertex into 
a single super- vertex, we can assume ri = r2 = 1. Then abbreviating 

U{t) = Z{t,l), V{t) = Z{t,2), L{t) = Z{t,e\), R{t) = Z{t,£l), 

one can easily check that U{t) x y(t) x t as t — )■ 00. Moreover, the process L/{L + V) is a super- 
martingale when observed at times of successive visits to vertex 1. The symmetric statement holds for 
the process R/{R + U). Due to the non-negative supermartingale convergence, the limits 



t-^oo L{t) + V{t) ' ■ t->oo R{t) + U{t) ' 

both exists, almost surely. Comparison with the Polya urn implies P(^l = 1) = ^{(,R = 1) = 0. Using 
comparison with urns featured in Theorem [3l one realizes that {S^l > 0} C {^r = 0}, almost surely, 
and moreover that R{t) = o{t^^'^) for any a G (1,1/^^). The same statement holds with L and R 
interchanged. Clearly, tToq 7^ vr^nif on > 0} U > 0}. 

The results of [13], Theorem 1.1, indicate that each {^l > 0} and {^/j > 0} happen with positive 
probability, however we do not have an argument for P({^l > 0} U {^/j, > 0}) = 1. 

Using the process H from (j3.78p . and the reasoning analogous (but simpler to that) of Section [3^2] 
we obtain: for /3 > 1 

{Lit) = Oit'/")} C > 0}. (3.85) 
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4 Consequences for d-partite graphs with leaves 



Assume d > 3. The following graph G = Gd = (^)-E'd)) featured in |T3] as an example of a trapping 
subgraph for VRRW. It is a generalization of Gd from Introduction, where V is partitioned into d + 1 
equivalence classes Vi,V2, . . . ,Vd, B. The classes Vi, i = I, . . . , d are called the generalized vertices, and 
satisfy the following two (d-partite structure) properties: 

(i) if x,y £ Vi, for some i £ {1, . . . , d}, then x y, 

(ii) \i X £Vi and y £ Vj for two different i,j € {1, . . . ,d} then x ~ y. 
Moreover, B = uf^^Bi, where Bi contains the "leaves" of Vi, i £ {1, . . . ,d}: 

(iii) if X £ B then there exists a unique i £ {1, . . . ,d} such that x ^ y for at least one y £Vi. 
Let X be a VRRW on Gd- Then X' defined by 

X'{t) = [ ) ^fj''^^''.^^;"""''! , ^'(t,.):=2:Z(t,x), Z'{t,U):=Y,Z{t,y),t>to, 

is very closely related to VRRW on graph Gd with ri = . . . = r^^ = 1. In fact, the only difference is that 
on {X'[t) = z} (that is, on {X{t) £ Vi}) some of the weight Z'{t,£i) may not be accounted for when 
computing the probability of the step to X'{t + 1), since X(t) may equal x £ Vi that is not connected 
to all the leaves in Bi. 

Our methodology of Sections [2] and [3] carries over to the current setting and we obtain the almost 
sure convergence of local time frequencies for X' to vTunif defined for Gd- Moreover, as in Proposition 
[U the leaves i\, . . . are asymptotically visited a lower power order of times compared to the interior 
vertices. 

This translates to the following almost sure behavior of the VRRW on Gd- the asymptotic proportion 
of time spent in Vi is 1/d for each i £ {1, . . . ,d}, while the number of visits to B up to time t is of the 
order for some random a such that P(a £ (0, 1)) = 1. 

We end this discussion with the following observation. If x,y £ Vi, for some i £ {1, . . . , d}, then 

Z(t x) 

lim J: ' i £ (0,1), almost surely. (4.86) 
t^oo Z[t, y) 

Note that if -Bj = 0, (|4.86p is a trivial consequence of the Polya urn convergence (see Section ll.ip . 
Indeed, in this case the returns to class Vi can happen only from Uj^iVj and they clearly have the 
(multi-color) Polya urn distribution. To see (j4.86p if Bi ^ 0, first note that as before one can use simple 
coupling with the urn of Theorem H] to obtain preliminary estimates 

liminf J!,^,f\, >l,yx,y£V. (4.87) 

Let L{t) = 'Yl'i=i Z'{t,li) count the visits to all the leaves combined. Due to the observations made two 
paragraphs above, we have that P(U/3>iG/3) = 1, where Gp := {Z'{t,i) — )• L{t) = 0{t^^^)}. The 
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asymptotics of Z'{-,i), combined with (j4.87p . now implies that 

n^^gy- {Z{t,x) > (l){t) / {2\Vi\)} , for all sufficiently large t, almost surely. (4.88) 

Assume WLOG that X(to) G Ujj^iVj, let tq = to and for A; > 1 let := inf{t > Ufc-i : X{t — 1) S 
Vi,X(t) £ Ujj^iVj} be the kth time of return to Ujj^iVj from the class Vi. Let 

Z{t,x) := Z{t - + l[x{t-i)eUj^iVj, X{t)=x}, Z{t,y) := Z{t - l,y) + l{x{t-i)&Uj^iVj, Xit)=y}, t > to, 

count, respectively, the visits to x and y made from interior points exclusively (due to definition 
of G, these points are necessarily contained in generalized vertices different from Vi). Note that < 
Z{t,x) — Z{t,x) < L{t), so that 



n n 

t>ta xeVi. 



Z{t,x) 



Z{t,x) 



< \ , almost surely. (4.89) 

Z{t,x) 



Due to ()4.88p . we conclude that Z{t, x)/ Z{t, x) — 1 on Gp, and by letting /3 \ 1 that Z{t, x)/ Z{t, x) — > 
1, almost surely. Therefore, in order to show ()4.86p it suffices to prove 

liin inf = lim sup > 0, Vx G F^. (4.90) 

Define an "analogue" of (|3.78p 

S(fc) := log I Z{ak,x) + ^ Z{ak,y) j - log (z(cTfc, x) - l) , A: > 1, 
\ y&Vi\{^} I 

and note that the estimates ()4.87p - ()4.89p ensure that (on each Gp) H is a supermartingale up to a 
summable drift, and in particularly converging to a finite (random) limit. This setting is quite similar 
to that mentioned at the very end of Section 13.41 as the estimates are simpler than those of (|3.82p - 
()3.83p due to the following fact: there is no extra term r[k) in ()3.82p in the current setting, since there 
are no direct "shuttles" from x to y on the interval (cr^, Cfc+i], indirect "communication" of x and y 
via a common leaf is atypical - its occurrence is accounted for by the differences Z{t,x) — Z{t,x), 
Z{t,y) - Z{t,y), that are both bounded by L{t). Letting /3 \ 1 establishes ()4.90p . 

5 Speed of Convergence 

We first show a preliminary statement, which can be viewed as a refinement of Proposition 3.2, p. 80 
in dg. 

Lemma 8 Suppose that we are given a sequence {r]k)k>i such that for some e > ^ we have 

C(l-%) 



< < 1 - e and r/fc+i < r]k 



1 



k 



+ VA: > A;o, (5.91) 
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where C > 0, D > 0, and /? G [0, 1]. Then limsup^^go 7?fc/i(/c) < oo, where 

h{k) = l k^/logk ,ifi3 = C . 
[ k"" ,ifP>C 

Proof. First of all, let us show that 77^ — )• 0. Indeed, fix a positive e < mm{Ce, and suppose that 

(5.92) 



A 



for some ^ > 0. Then 



< 



A 



k J fcl+/3 

A{Ce - e) - Dk^-^ - e{k-^] 



< 



A 



{k + iy k^+^ - {k + iy 

provided A and k are sufficiently large. We obtain by induction that ()5.92p holds for all large k. 
Therefore, one can in fact assume that e in (j5.9ip is arbitrarily close to 1. Hence, if /? < C, we can 
set £ = /3 and, assuming that e G (0, 1) is sufficiently large so that Ce > e, we obtain (|5.92|) for any A 
larger than D/{Ce — e) = DjiCe — f3). This implies the claim of the lemma in the case (3 < C . 

From now on assume (3 > C. The above arguments imply that for e = 2C/3, we have i]^ < Ak~^, 
for all large k and some ^4 < 00, hence 



Vk+l < Vk 



1 



+ ^ + < Vk 



k 



k^+P 



J 



+ 



D 



where /3 = min{/3, 4C/3} and D = D + A^C. If 



then the last estimate together with Taylor's expansion of {k + l)*-" about k yields 



< 



kC 



\C 



+ — -^[^ — <^'k 



+ 



2D 



By summing over k, this immediately implies limsup^, /U^ < cxo if /3 > C (that is, 1 + /3 — C > 1) and 
and lim sup;, /i^/ log /c < 00 if /3 = C, finishing the proof of the Lemma. ■ 



Proof of Theorem [21 Denote by 

r]{t) ■.= l-d min g [0, 1] 

j=l,...,d t 

another measure of distance between the empirical occupation measure 7r(t) = {Z{t, l)/t,. . . , Z(t,d)/t) 
and TTunif = (l/d, . . . , l/d). Due to Theorem [H we have Ylj'^ji^) — ^~ o(l), so rj{t)/d < ||vr(t) — 
7'"unif|| (1 + 0(1)) < r?(t). Thus it suffices to study the asymptotic behavior of r]{t). 
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Fix some constants m > 1 and /3 G (0, (m— l)/2), and let u = ^^^y^ — /? > 0. Now consider VRRW at 
times tk = k"^, set Nj^ = ifc+i — tk and Uj'^ = Z{tit, j)/tf^, j G {1, . . . , d}, A; G N, (here we use notations 
similar to those in the proof of Theorem 1 in |13j : also in order to simplify expressions we will often 
omit the superscript on a's). Define events 



and note that Theorem [T] can be rephrased as 

P(Ve G (0, l/d) there is = K{e) < oo s.t. nk>K Dk{e) occurs) = 1. (5.93) 

Fix some small positive e < 1 /d. Due to (j5.93p we can assume from now on that miuj a^p > e. 

It is simple to check that if we were to "freeze" the configuration at time t^, ignore the visits to the 
leaves, and let the VRRW evolve as a Markov chain on state space {1, . . . , d} with transition probabilities 
specified by the weights (aj^^)^^]^ (or equivalently, by {Z{tk, then this Markov chain would have 

its reversible measure proportional to {0^(1 — 0^), . . . , a^J'\l — a^J'^ )) . As in the proof of [13] Theorem 
1, one uses the large deviation estimates (|1.6p - ()1.7p to see that the number A^^.j of visits to vertex i 
during [tfc,tfc+i) concentrates about its "almost" expected value (i.e., the expectation according to the 
above frozen measure) 

X iVfe = ^—^ X Nk, (5.94) 



E,=iai(l-"j) 1-E,=ia? 



More precisely, let 



E'fc = {simultaneously for all i G {1, . . . ,d}, the quantity Nf^-i (5.95) 
does not differ from (I5.94p by more than k~ ^'^ x k'^ \/A^| 

Then (see [13], display (3.16) on p. 76), 

P{El) < 7^ := Consti(d) exp (-Const2(e, d) k^") , 

so we have 7^, < 00. Therefore only finitely many occur. Consequently, a.s. there is a /cq = ko{uj) 
such that r]k>koEk occurs. From now on, we will implicitly assume that k > ko. 

We next recall that VRRW may also visit the leaves between times and tk+i- We already know 
from Proposition [1] that maxj ^^-^^^ Z(t, ^* ) < t^~^' for some e' > 0. Let us now strengthen this 
statement. 

Lemma 9 Let L{t,i) := X^^Li ^(^)^j) ^6 total cumulative weight of all the leaves attached to i at 
time t, where i G {1, . . . , d}. Then, if ri > 0, for any 5 > we have 

P ( liminf ' = 00 ) = 1 (5.96) 
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and ( trivially if ri = 0) 

limsup ^^y^ = ) = 1. (5.97) 

Proof. We will prove only the first part of the statement, since the second one follows by an analogous 
argument. 

As usual, let r^*"* be the kth return time to the interior vertex i. Define X'f^ := "^g^^i Z{T^\g) and 
y^' := L{t^\ i). Due to Theorem [1] and some simple algebra, the statement of the lemma is equivalent 
to the following claim: for any 5 > we have 



limsup ^/s^J^^j^^ = 0, almost surely. 



XL 

Recall ()5.93p . Without loss of generality we observe the process {X\Y') := ((X^, Y"^'), k > ki), where 
7"^*^ > K for some large finite K. In the spirit of Remark [51 we will modify the VRRW and in this 
way the process {X', Y') (note however that here the construction is slightly more complicated since 
we cannot simply "truncate" the process upon exiting the event of "good behavior"). Fix some small 
e > 0, and define 

Due to ()5.93p and Proposition W^ii) we have that 

P{nk>KDk{£)) ^1, as ^ oo. (5.98) 

Define 

Te{K) = Te := inf{/ > K : D[{e) does not occur}. 
li K > 2/e, it is easy to see that D[^^{e) C D[{^e/2) for l>K,so 

{Te < oo} C nK<i<T,D[{3e/2), almost surely. (5.99) 

Change the dynamics of the VRRW in the following way (recall (jl.ip ): 

F{X{t + 1) = w\Tt) = ^ Z(T,At,u;) 1^^ ^ ^ (5.100) 

In words, after time the step distribution does not anymore change dynamically with the evolution 
of the walk, instead it is "frozen" to the configuration 

(z(r„ 1), . . . , Z{T,, d), Z{T„i\), Z(T„ if J), 

and additional visits to the leaves attached at g where g ^ i become impossible. Let 

as := mi{k > ki : T, < }, 
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and assume that we are given a family {Uk, k > /ci} of independent uniform [0, 1] random variables, and 
independent of the evolution of the VRRW above. Then define a modification {X'f^,Y^) of {X',Y') by 



(d-1,0) 
(0,1) 



k < 

C/fc>X[/(X[ + y,'), k>a. 



(5.101) 



In words, the evolution of (X',y') is identical to that of {X' ,Y') up to time cr^, while {X' ,Y') evolves 
as the urn from Theorem [3] from time Ue onwards. In particular, the asymptotic behavior of [X' ,Y') 
and is the same on {Tg = <x] = r\i>KD[{e) C {as = oo}. 

The point of the above construction is that (X', Y') satisfies the hypotheses of [10] Lemma 3.5, with 



1,6 = b{e) 



d-l + ^ed{d-3)/2 



and K = K{e) = 2 



d-l + 3ed{d-3)/2 



1 - 3ed/2 " " ~ V 1 - 3ed/2 

Indeed, suppose k < cTs (otherwise the argument is trivial) and note that then with probability y^'/(X^ + 
YD = Yl/{Xl + YD we have X(rf + 1) G so that {AX^AYD = (0,1), while with 

the remaining probability (AX^,AY^') = {Wk,0) where P{Wk > 1) = 1 and conditionally on J- (i), 
VFfc is stochastically bounded from above by a Geometric random variable with success probability 
(1 - 3ed/2)/{d - 1 + 3£d{d-3)/2). Here we use the definition of the modified dynamics (|5.100p - (|5.10ip 
together with the fact (|5.99p . 

Due to do] Lemma 3.5, {Xy{YD^\ k > ki) is a positive supermartingale for any b' > 6(e), hence 
converging, and its limit must be 0, almost surely (strictly speaking, the supermartingale property holds 
once y^'^ is larger than some fixed constant, but this we can assume WLOG). Note that for any 5 one 
can choose e > sufficiently small so that d — 1 + 5 > 6(e). Since X'/iY.' f and X'/{Y' f behave 
identically on {T^ = oo} = Diy^DKe), the statement of the lemma follows immediately from (j5.98p . ■ 

Now suppose that Yli=i '''i > 0' ^^^'^ denote by 9k ■= Yli=i L{tk,i)/tk > the total (rescaled) weight 
of the leaves. Due to LemmalU we have X^f^^ L{tk,i) = o (tH^'^ hence 



E 



af^ = l-ek, where Ok = o f A:""'!^^"''' 



(5.102) 



Moreover, due to Lemma El we have t^^^'^ ^ = o(J2i=i L{tk,i)), thereiove tf,^'^ ^^^^'^ ^ 



|vr(t) - VTunifll > ^ 



i=l 



Z{tk,i) 1 



tk d 



> 



4 = 1 



Z{tk,i) 



a— 1 



4 = 1 



tk 



as /c — )• oo. 



yielding the lower bound claim p.4p in Theorem [2J 
We continue towards the proof of (|1.2p - ()1.3p . Set 



Ilk ■= vitk) = I - d min af ^ > 0, 
j=l,...,d ■> 
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and let 



/? = min < (3,l,m 



d-2 

where (5 > is very small. 

The following statement is a refinement of (3.28) in |13] . 

Lemma 10 On the event Ej, defined by \5. ff5j) we have 

mr{l-rik)\ 



(5.103) 



where r = r{k,a^^'>) £ [l/{d - 1), 1/(1 - T]k)]. 
Proof. Due to (|5.102p we have 



(5.104) 



d 



2^ 
d ' 



Moreover, Theorem [T] implies in particular that P(nfc>fcQ{max^^-^ q-'^^ < 1/2}) — t- 1 as /cq — s- oo (recall 
that d > 3). Since x i— )• x(l — x) is an increasing function on [0, 1/2], we conclude that asymptotically 



i=i 



aj) + 0k> dx 



1 - % A 1 - % 



+ 0k 



1 



2 - r]k \ 
1 ^ I Vk + Pfc- 



Thus we have shown 

d 



j=l 



d-2 



d 



where 7 e [0,1 + r?fc/(c?- 2)]. (5.105) 



Note that 



a 



(k+i) 



{k + 1)™ 

where the O(-) term comes from the estimation of the event (|5.95p . Thus 



a 



(fc+i) 



a,; 



a,; 



m m 1 — a 
1 - — + 



1 + 



k ' kl-Y:a] 



ml 1 — a,- 



+ 



1 



+ e 



+ e 



Since the last expression (without the part) is increasing in Ui for all sufficiently large /c, it implies 



that if af^'^ = min^^^ then otf^^^ will again equal min^^^^^ o'^^^'^, unless it is "overtaken" by a 



(fc+i) 
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(k) (k)i / 1 

for some other index j. The latter case can happen only if the difference \a)j — cx.\ \ is itself O [ — 
Hence it is always true that 



This yields in turn 



(fc+i) (k) 
mm a - = mm a) 
^ i=i * 



m ( 1 - (minf^i gf^) _ ' 
^ k \ 1 V- .,2 



+ 



1-d 



1 - ??fc 



mil 



1-% 



1 + 



1 - (1 - %) 



m 

1 + ^ 



d - 1 + 



+ 



A: \d — 1 — (d — 2)7?7fc 



+ 



where for the second equality we used (|5.1U5|) . Since 

d-l + r]k 



< 



we get 



d - 1 - ((i - 2)rik -% l-m 



m(l — r7fc)r \ ^ / 1 



where l/{d - 1) < r < (1 - 7?fc)"^ 



Recalling once again the fact ()5.93p we can assume that for e = 1 — 2/d > we have rjk < 1 — e, for 
all large k. This enables us applying Lemma[8]with C = m/[d— 1). Note that to get the best estimate 
of the speed of convergence we need to make p{d,m) := min{ C,/3}/m as large as possible, since 

limsupr/yfc/i(A;) = limsupr/(A;™')/i(A;) < oo 

k—^oc k—^oo 

for an increasing function h{-) a.s. implies 

limsupr7(t)/i(t^/"') < oo. 

t—^oo 

On the other hand, recalling the definition of /? from (jS.lOSp . we have 



p{d, m) = min 



1 1 /? d-2 



mm 



1 11 61 + 1/2 d-2 



d— Immd— 1 J [d — 1 m 2 m d — 1 

We can make /3 as close as possible to (m — l)/2 by recalling /? = (m — l)/2 — 5i, and taking di > 
arbitrarily small. Similarly, 6 > can be made very small. Given a particular choice of 6, 61, observe 
that maxm>i p{d, m) is achieved at 3 + 25i, so by setting m = 3 + 25i we obtain 



pid) :=pid,3 + 25i: 



mm 



mm 



1 



1 d-2 



d-1' 3 + 261' d-l 
1 1 



mm 



1 



1 



1 



d - 1 ' 3 + 25i ' d - 1 



+ 



d-3 
d-1 



6 



d-1' 3 + 261} ' 
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Consequently, p{d) can be taken arbitrarily close to 1/3 if d G {3,4}, while p{d) = — 1) for d> 5. 
Setting C = 3/{d - 1) yields /3 = min{l - 6i,l} < C if d G {3,4} and /3 > C if d > 5. As already 
argued, this implies limsup < oo due to Lemma [8l and completes the proof of Theorem [2j ■ 

Remark 4 There is a gap in the power between the upper and lower bounds on speed of convergence in 
Theorem\^ One might wish to obtain further information on the lower bound using \5.104-^ . In fact, 
we would be able to conclude something provided 

( C{l-iik) \ , D 

m+i > % 1 ; + 



k J 

where both C and D are positive ( or for D negative, under more complicated constraints on C > and 
(3 that seem difficult to verify). Therefore, it is the lack of knowledge of the sign (and magnitude) of the 
error term in \5.1U4- ) that obstructs generalizing the above argument to obtaining lower bound estimate. 
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